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ABSTRACT 
Alfred Horn showed, using a theorem involving orthostochastic matrices, that the 
set of all diagonals of rotation matrices of order n is equal to the convex hull of those 
points (+ 1, , If: 1) of which an even number (possibly 0) of coordinates are - 1. 
He asked to prove without the use of that theorem the convexity of the set D of 
diagonals of rotation matrices. That is the principal goal of this work. Moreover, in the 
case 12 = 3 we study the function that associates to any rotation of order 3 its diagonal. 
0. DEFINITIONS, NOTATION, AND BASIC THEOREMS 
This section is in essence taken from [3]. 
Given a vector v E [w”, vi with 1 < i < n will denote the ith component 
of u. The length of u, 1~1, is defined by 1~1 = (u,” + e-0 +~j)~/‘. A unit 
vector- is a vector of length 1, that is, a vector lying on the unit sphere 
s-1 c Iw”. 
Given an n X n real matrix A, ajj with 1 < i, j < n will denote the entry 
of A that lies in the ith row and the jth column. The vector (ali,. . . , ani) E 
R” will be denoted by ai. 
(a,, . . 
We can write A = (ajj)l,<i,j,cn or A = 
. , a,). The diagona2 of A is the vector diag( A) = (all,. . . , annI E R”. 
The identity, denoted by Id, is the matrix with l’s on the diagonal and O’s off 
the diagonal. A doubly stochastic matrix is a matrix P such that pij > 0 and 
cj pij = cj pij = 1. 
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We use the symbol At for the transpose matrix of A. An n X n real 
matrix A = (a,, . , a,> is called an orthogonal matrix if At = A- ‘, in other 
words, the set {a,, . . . , a,} is a orthonormal basis of [w”. The set of orthogonal 
matrices of order n is denoted by SO(n). It is well known that if A E SO(n) 
then det A is equal to + 1 or - 1. If A is an orthogonal matrix with 
determinant equal to + 1, then A is called a rotation matrix or rotation. The 
set of rotations of order n is denoted by SO+(n). 
A special class of doubly stochastic matrices consists of those matrices Q 
such that gij = afj where A is an orthogonal matrix. These matrices are 
called orthostochastic matrices. 
S,(X) C [w” will denote the set composed of all the points 
~;r(i?,,;‘~~d’~ Ev?r the set X c R” 
n where (T varies over the set of all permutations of 
convex hull of S,( Xl. 
. Also, H(X) c Iw” will denote the 
THEOREM 1. Given x, y E [w”, one has y E H(x) if and only if there 
exists a doubly stochastic matrix P such that y = Px. 
This result is part of a theorem of Hardy, Littlewood, and Polya [2], and it 
is consequence of Birkhoff s theorem [ 11: A matrix is doubly stochastic if and 
only if it lies in the convex hull of the set of all permutation matrices. Horn [3] 
extended Theorem 1 as follow. 
THEOREM 2. Let x, y E [w” satisfy y E H(x). Then there exists an 
orthostochastic matrix Q such that y = Qx. 
1. DIAGONALS OF ROTATIONS 
It was required in [3] to prove without the use of Theorem 2 the convexity 
of the set of diagonals of rotation matrices. That will be the purpose of this 
section. 
LEMMA 3. Given a rotation R of order n, there exists a continuous 
function y : [O, 11 + SO+(n) such that y(O) = R, y(l) = Id, and diag 
(y(t)) = (1 - t)diag(R) + t . (1, . . , 1) Vt E [O, I]. 
Proof. Let R be a rotation of order n = 2k + 1 (the case n even is 
practically identical with the case n odd). It is well known that there exists an 
orthonormal basis {b,, . . , b,} of Iw” such that b, is an eigenvector of R with 
eigenvalue equal to 1 and that for each i = 1, . . . , k the 2-dimensional plane 
ri generated by bzi and b,,+l is an invariant plane in which R acts 
as a rotation of angle 13~ E [O, v ] [we mean that Va, P E [w, R( crb,i + 
Rbpi+l) = (a cos 0$ - R sin*8,)b,, + (a sin ei + p cos Oi)b,i+,I. 
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We are going to define a path y : [0, l] + SO+( n> consisting of rotations 
with the same eigenvector b, and the same invariant planes rTTi with 
1 < i < k; the rotation angles Oj will approach the value 0 in such a way that 
the diagonals of the corresponding rotations in this path are points of the 
segment joining diag(R) and (1, , 1). 
Given A, E [0, T] for i = 1,. , k, let S(h,, . . . , hk) be the matrix 
‘1 0 \ 
Al 
E so+(n), where Ai = 
\O bq 
We define R(A,, , A,) = B. S(A,, , A,)* B’ E SO+(n), where B = 
(b,, , b,) E SO(n). Note that R( 13,, . . , 8,) = R and R(0, . , 0) = Id. It 
is easy to verify that 
diag(R( A,, . . . , ‘k)) = (b;)l<i,j<n(l> cos A,,cos A,, . , cos Ak,cos Ak)’ 
= (b?,,, . > b;,,) + ;cos Ai 
i=l 
On the other hand, as Bi E [O, T] for any i = I, . , k, the functions 
are continuous with cp,(O) = ei and q+(l) = 0. 
Now, consider the continuous function 
y : [o, l] + so+(n), 
t - i+,(t), . . > (Pkct)) 
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Then y(O) = R(8,, . , 19,) = R, ~(1) = Id, and 
diag(y(t)) = diag(R(cpi(t),..., cp,(t))) 
= (bf,,, . . . > b;,,) + ; [(l - t) cos Bi + t] 
i=l 
(b; ,,,. ., b;,,) + ; cos 13~ 
i=l 
.(bf,zi + bf,,i+l,. .., b,f+ + b&+, 
)I 
2k+l 
+ t C (bf,j,. > bz,j) 
j=l 
= (1 -t)diag(R) +t*(l,...,l). 
Let T denote the set composed of those points (k 1, . , f 1) E iw” for 
which an even number (possible 0) of coordinates are - 1. Given 6 = 
(El,. . , s> E T, from any rotation A we can obtain another rotation A[&] 
by multiplying for each i = 1,. . , n the entries of the ith row by ci. Note 
that A[&][&] = A. 
COROLLARY 4. Given any rotation R of order n and any E = (cl,. . . , 
E,) E T, there exists a continuous function yC : [0, l] + SO+(n) such that 
y,(O) = R, y,(l) = Id[.s], and dia$y,(t)) = (1 - t)diag(R) + t.s Vt E 
LO, 11. 
Proof. By Lemma 3, given the rotation R[ E], there exists a continu- 
ous function y : [O, l] + SO+(n) such that y(O) = R[E], y(l) = Id, and 
dia$y(t)) = (1 - t)dia$R[E]) + t * (1,. . . , 1) Vt E [O, 11. Define 
y,: [O,l] + SO+(n), 
t + Y(w4. n 
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Let T denote the convex hull of T. 
THEOREM 5 (Horn 131). If R s i a rotation of order n, then diag(R) E T. 
Proof. Let R be a rotation of order n = 2k + 1 (the case n even is 
again practically identical with the case n odd). Let B = (b,, . , b,) E 
SO(n) and 0i, , 8, E [0, ~1, as in the proof of Lemma 3. 
(1) We saw that diag(R) = (b:),, i,jG .(l, cos 8,, cos 0i, . , 
cos 8,, cos 0,)“. As B E SO(n), (b,;), ~ i, j4 n is a doubly stochastic matrix, 
and by Theorem 1 we conclude that diag(R) E H((1, cos 8,, cos 8,, . . . , 
cos 8,) cos 0,)). 
(2) For s = 0, 1, . , k let 
T, = {(i,COS o,,COS 8,, . . . ,COS o,,COS es, Es+l, &,$+1,. . . , &k, &k) E [WnjEi 
= flVs+l,<i<k }, 
and ?s its convex hull. Clearly T, c T,_ 1 for each s = 1, . . , k, and T, C T, 
which implies that ?;, c F;, 1 and T,, c !?. Therefore, 
(LCOS e,,c0s e,, . . , COS ek, COS ek) = Tk c ifk_l c a-- c T, c To c T 
Then H((I, COS 8,, COS 8,, . . . ,COS t@OS 6,)) c H(T) = T. n 
A set X c 1w” is said to be star-shaped relative to x E X if Vz E X the 
segment whose extremes are x and z, [r, z], is contained in X. If X is 
star-shaped relative to each y E Y G X, then X contains the convex hull 
of Y. 
THEOREM 6 (Horn [3]). The set D of all diagonals of rotations of order n 
is equal to the convex hull T of those points (+ 1, . . . , f 1) of which an even 
number ( possibly 0) of coordinates are - 1. 
Proof. Corollary 4 implies that D is star-shaped relative to each point of 
T; therefore T c D. On the other hand, Theorem 5 shows that D G ?. n 
2. ROTATIONS OF DEGREE 3 
In this section we will study the continuous and surjective function 
diag : SO+(3) + D = 7 th a associates to any rotation of SO + (3) its diagonal. t 
As topological space SO+(3) is homeomorphic to the 3dimensional projec- 
tive space [wP3. The following will be a very useful parametrization of 
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SO+(3), since it makes clear this homeomorphism and helps us to understand 
the function diag. 
Let TB” c iw3 denote the S-dimensional ball of radius rr and center the 
point (O,O, 0) E R3. We will use for any point of rB3 \ {CO, 0,O)) the 
notation 0 * p, where 8 E (0, rr ] and p E S2. For any p E S2, 1, will denote 
the vectorial line that contains p, and rp the vectorial plane orthogonal to I,. 
Given 8. p E rr B” \ {(O, 0, O)}, d e me II,., E SO+(3) to be the rotation that f 
acts on R3 as a rotation with axis I, and is such that for any 9 E rrr, \ ((0, 0, O>} 
the angle between the vectors 9 and R,.,(9) is 8 with the matrix 
(p, 9, &r.,(q)) h avin nonnegative determinant. Define g 
71: ,rrB3 + SO+ (3), 
6.p E ,rrB3\ {(O,O,O)} + R,.,, 
(o,O,o) + Id. 
Clearly 7 is a continuous and surjective function, and satisfies 71( 8 * p) = 
~(0’ . p') if and only if 8 = 8’ = 7r and p = up’. Therefore SO+(3) z 
rrB”/q (where rrB”/r~ denotes the set obtained from rB3 by identifying 
those points whose images under 77 coincide), which makes clear that SO+(3) 
is homeomorphic to RP3. 
The following theorem is a stronger version of Horn’s result on the 
convexity of the set D of diagonals of rotation matrices of order 3. 
THEOREM 7. Given x, y E D and X E SO+(3) with diag(X) = x, there 
exists a continuous function cp : [0, l] + SO+(3) such that PO(O) = X and 
diag(q(t)) = (1 - t>x + ty Vt E [O, 11. 
Proof. Given R,., E SO+(3) \ {Id}, consider an orthonormal basis 
{b,, b,, b3) associated to R,.,, as in the proof of Lemma 3, with b, = p. We 
saw that 
diag( R,.,) = (bf,, b&, b&) + cos 0. ( bf2 + bf3, bg2 + b& + b& + b&). 
As for each j = 1,2,3 we have Cf= 1 b; = 1 and b;“l = p;, 
dag(R,.,) = (pf, pi, pi) + cos 8. (1 - p:, 1 - pi, 1 - pi). 
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Therefore, the function diag is defined as follows: 
diag: SO+(3) --) D = T, 
R,., E SO+(3) \ {Id) + (p;, p;, pi) + cos 0 
*(I - PI, I - p;, I - pi), 
Id + (l,l, 1). 
Note that diag(R,.,) = diag(RB,.p,) if and only if 8 = 0’ and for each 
i = 1,2,3 one has pi = +pI. Therefore, taking into account that SO’(3) is 
obtained from rrB3 by identifying antipodal points in 7rS2, it is not difficult 
to conclude that for any y E T, diag- ’ ( y 1 contains Zd’” fly] rotations (where 
f[ y] denotes the smallest face of T that contains y, and dim f[ y] its 
dimension). 
As diag : SO+(3) * T is a folded covering with discrete fiber, any path in 
T can be lifted to SO+(3) ‘f 1 we have fixed the lift of the initial point of the 
path. W 
NOTE. It seems possible to generalize Theorem 7 to SO’(n) by employ- 
ing Corollary 4, but I was unable to obtain such a result. 
Horn’s paper [3] and the survey papers of Mirsky [4, 51, constitute an 
excellent introduction to the study of doubly stochastic and related matrices. 
Moreover, they contain a great many open questions (many of them open 
even now). 
I would like to thank Professor Jose’ Montesinos for his helpful comments, 
and the referee for his suggestions. 
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